We develop a general, coordinate-free theory for the reduction of volume preserving ows with a volume preserving symmetry on three-manifolds. The reduced ow is generated by a one-degree-of-freedom Hamiltonian which is the generalization of the Bernoulli invariant from hydrodynamics. The reduction procedure also provides global coordinates for the study of symmetry-breaking perturbations. Our theory gives a uni ed geometric treatment of the integrability of three-dimensional, steady Euler ows and two-dimensional, unsteady Euler ows, as well as quasi-geostrophic and magneto-hydrodynamic ows.
Introduction
In this paper we study three-dimensional ows which admit a continuous symmetry. Motivated by applications to incompressible uid ows, both the ow and the symmetry are assumed to be volume preserving. The three main questions we are interested in answering are the following: First, under what conditions can we construct a rst integral, i.e., a quantity that is preserved by the ow? Second, is it possible to reduce the dimension of the problem by one so that the reduced two-dimensional ow also preserves some volume? Third, can we use this reduction to construct coordinates in which symmetry-breaking perturbations are conveniently studied?
It turns out that if the ow admits a symmetry group that has a volume-preserving in nitesimal generator w, and the ow is not everywhere tangent to the orbits of the symmetry group, then it always admits a nontrivial invariant. This invariant B can be constructed explicitly based on the vector eld v that generates the ow, the volume that is preserved by the ow, and the generator w of the symmetry group (see formula (8) ). This result generalizes Bernoulli's theorem in hydrodynamics to arbitrary volume preserving ows on three-manifolds.
With the above invariant at hand, it is tempting to reduce the three-dimensional ow just by simply restricting the vector eld v to the level surfaces of B: This procedure, however, has Supported by NSF Grant No. DMS-95-01239 and ONR Grant No. N00014-93-I-0691 several disadvantages. First, the reduced ow in general does not conserve any two-dimensional volume, i.e., there is no symplectic structure with respect to which it is Hamiltonian (see section 7 for an example). As a result, there is no systematic way to derive the reduced equations. In addition, the reduced equations admit no nontrivial invariant besides B, which is now a single constant for the whole reduced ow. Finally, since the construction of B depends on the given volume preserving eld v; the reduction procedure depends heavily on v: This makes it impossible to study the structure of the reduced problem for a class of ows with the same symmetry, as the corresponding vector eld v is di erent for each member of the class.
To remedy all these problems, we develop a reduction procedure which bears some similarities with the symplectic reduction of Hamiltonian systems with symmetry (see, e.g., Abraham and Marsden 1] ). The reduced phase space here is not a level surface of the invariant B; but rather the space of orbits of the underlying symmetry group action. More precisely, it is the quotient space M=G, where M is the three-dimensional ambient manifold and G is the Lie group generating the symmetry. The orbit space M=G turns out to inherit a natural symplectic structure from the volume form ; and this structure only depends on the symmetry, not on the given eld v: This enables one to study whole classes of symmetric ows on the same reduced phase space. The projection of the ow on the reduced phase space is now Hamiltonian, hence the reduced ow is also volume preserving. Remarkably, the underlying Hamiltonian is just the generalized Bernoulli invariant B described above.
In applications, one is often concerned with the e ect of perturbations on the original ow. These perturbations may not preserve the volume, or may break the symmetry of the unperturbed vector eld. To study the fate of unperturbed structures, one needs an appropriate coordinate representation for the ow which facilitates the application of perturbation methods. Such methods include Melnikov-type methods for the continuation of homoclinic orbits, or KAM-type methods for the continuation of invariant tori. Our reduction procedure renders these coordinates as a side result, as we show in section 5. The original ow is represented in a set of (y; s) coordinates, where y denotes a coordinate on the reduced phase space, and s labels elements of the symmetry group G: The (y; s) coordinates have two main advantages: their evolution depends only on y before symmetry-breaking perturbations, and their construction depends solely on the symmetry group G and the generator w of its action. Finally, these coordinates highlight the relation of our reduction procedure to contact geometry, as we show in section 5.
The volume-preserving reduction described in this paper is purely geometric and avoids the usage of local coordinates on the underlying three-manifold M. It generalizes and extends the local, coordinate-dependent theory in Mezi c and Wiggins 10] by rendering the reduced phase space with its symplectic structure, as well as the reduced Hamiltonian B. This general approach enables us to give a uni ed, geometric treatment of the integrability of several classes of uid ows. These ows include three-dimensional, steady Euler ows and steady magneto-hydrodynamic ows, as well as two-dimensional, unsteady Euler ows and quasi-geostrophic ows. In the case of two-dimensional unsteady ows, the role of the manifold M is played by the three-dimensional extended phase space of the variables (x; y; t), and the preserved volume is the \space-time volume" dx^dy^dt: Our method also yields some results which do not seem to be available in the literature. In particular, we show that two-dimensional Euler ows and quasi-geostrophic ows admit a symmetry which is the geometric reason behind their integrability. We also show how they can be reduced to one-degree-of-freedom Hamiltonian systems with the Hamiltonian being the vorticity and the potential vorticity, respectively. Finally, we construct a Bernoulli-type invariant for three-dimensional, steady, magneto-hydrodynamic ows, which appears to be new.
Notation and de nitions
In this section we collect the tools from the calculus on manifolds that we need later. In order to emphasize the similarities with symplectic reduction, we will use the notation customary in the theory of reduction of Hamiltonian systems with symmetry (see, e.g., Abraham and Marsden 1] or Marsden and Ratiu 9]). Let M be a three-dimensional manifold on which closed di erential forms are exact. The class of such manifolds includes, e.g., contractible manifolds, and in particular, R 3 . If v is a smooth vector eld on M and is a di erential k-form on M with 0 k 3; then the inner product of v and is the k ? 1-form i v ; which is de ned at a point x 2 M as i v x](u 1 ; : : :; u k?1 ) = x](v(x); u 1 ; : : :; u k?1 ) for all u i 2 T x M: Let N be another manifold and be a di erential k-form on N: Then any smooth map f: M ! N can be used to de ne the pull-back of to M as the k-form f given by f x](u 1 ; : : :; u k ) = f(x)](df x u 1 ; : : :; df x u k ) for all u i 2 T x M: Clearly, f can only be nondegenerate if f is a submersion, i.e., its derivative df x is surjective at any point x 2 M: Note that if is a function (i.e., a zero-form), then we simply have f = f:
If f is a di eomorphism between M and N; then the push-forward of any k-form on M can be de ned as a k-form f given by The Lie bracket v; w] of two smooth vector elds v and w on M is the unique vector eld which satis es
Furthermore, 
In this paper we are interested in volume preserving ows that admit a symmetry. To this end, we consider a one-parameter family of di eomorphisms on M denoted by g s : M ! M with s 2 G. Here G is a one-dimensional Lie group, which is assumed to be Ror S 1 for simplicity. We also assume that the vector eld v is equivariant with respect to the action of this group, i.e., v(g
for all s 2 G: The condition of equivariance can also be written as v; w] = 0; (6) where the in nitesimal generator of the action of G is given by
We say that w generates a volume preserving symmetry for v if w is a volume preserving vector eld, i.e., L w = 0: (7) In the following we will assume that (7) holds. Note that this implies g s = for all s 2 G:
The following theorem states that all volume preserving ows with a volume preserving symmetry admit an integral. 
(ii) L w B = 0; i.e., B is constant along the orbits of the vector eld w:
Proof: By our basic assumption on the manifold M; to prove the existence of a function B satisfying (8) , it su ces to show that ?i v i w is closed, i.e., di v i w = 0: Using (1) we can write
w] = 0; where we also used (2), (4), (7) , and the fact that d four-form on a 3-manifold, hence it vanishes identically. To show that B is a rst integral for both v and w; it is enough to observe that 
Our notation for rst integral is motivated by the fact that for steady, incompressible, inviscid uid ows with velocity v and vorticity w = r v; the above theorem simpli es to the well-known Bernoulli theorem of uid mechanics (see section 6). In fact, we can decompose B into the sum of kinetic and potential energy-type terms to make the analogy with the Bernoulli invariant more transparent. (11) dp = 1 2 di v ? L v (12) Then the invariant B of Theorem 3.1 can be written as the sum of a kinetic energy-type term and a pressure-type term:
Proof: First note that both and p are well-de ned since the right-hand sides of (11) and (12) are closed and hence exact by our assumption on M. Furthermore, from (11) and (12) We close this section by noting that there is a degenerate case in which formula (8) of Theorem 3.1 may give a trivial invariant, i.e., a constant. This happens when the vector eld v is everywhere parallel to the generator w of the symmetry, hence the form i v i w vanishes identically. In such cases trajectories of v are not con ned to lower dimensional level surfaces of B.
Reduction of volume preserving ows
We will now use the presence of the symmetry to reduce our three-dimensional ow on M to a two-dimensional ow on an abstract two-manifold, the reduced phase space. The main result is that the reduced phase space can be endowed with a symplectic structure through the volume form de ned on M. The reduced ow is Hamiltonian with respect to this symplectic structure. Furthermore, the corresponding Hamiltonian is precisely the projection of the invariant B onto the reduced phase space.
Consider the Lie group G whose action is generated by the vector eld w: The group action g By construction, the orbits of the group action g s in M correspond to points in the orbit space M=G: By formula (6), the ow F t commutes with the group action g s : This fact will enable us to \project" the ow F t onto the orbit space M=G; which will therefore play the role of a reduced phase space. For this reduction to make sense, we have to argue that orbits of the full ow can be uniquely reconstructed from orbits of the reduced ow. The following two lemmas present the main ingredients for this argument.
First, we show that M=G can be endowed with a symplectic structure through the volume form de ned on M. L w v 1 6 0 and=or L v1 6 0: Since is small, v p is a small perturbation of the vector eld v, and one hopes that some features of the ow generated by v p can be understood based on the knowledge of the ow of v: In practice, this can be achieved by applying some perturbation method, which typically requires a suitable coordinate representation of v p . In this section we show how the volume preserving reduction performed for v yields coordinates which are ideal for perturbation methods.
We begin by recalling that the preimage of any point y 2 M=G is a whole group orbit in the phase space M, hence the quotient projection : M ! M=G is clearly not invertible. However, becomes invertible if we restrict it to a suitable two-dimensional submanifold of M: Suppose that after possibly shrinking the domain M; there exists a two-dimensional submanifold S M which has a unique, transverse intersection with every group orbit in M: We then de ne the map P = jS and observe that P is di eomorphism between S and the quotient space. Indeed, the map dP x = d x jT x S is an isomorphism since by the construction of S, we have ker d x = span fw(x)g 6 T x S: Then the inverse function theorem guarantees that P is a local di eomorphism. But P is oneto-one and onto, hence it is also a global di eomorphism between S and M=G:
Next we de ne the \orbit projection map" P: Since the action g s assumed to be regular and hence free in M, for any point x 2 (x 0 ) there exists a unique group element (x) 2 G such that
The map : M ! G; x 7 ! (x) is smooth by the implicit function theorem (here we used the transverse intersection of group orbits with S). The following observation is fundamental in our construction of coordinates.
Lemma 5.1 The map C: M ! M=G G de ned as C(x) = ( (x); (x))
is a di eomorphism.
Proof: The map C is clearly a smooth bijection, so we only need to show that C is a local di eomorphism, which in turn implies the smoothness of C ?1 by the implicit function theorem.
We have dC x = d x d x : We will show that dC x is an isomorphism by establishing that its kernel is trivial. Consider a vector u 2 ker dC x . Then we have d x u = 0; d x u = 0: The rst of these equations implies u 2 span fw(x)g. The second equation than gives d x w(x) = 0. But, d x w(x) must be nonzero because the vector eld w is nonzero and tangent to the orbits of the symmetry group, whose action is assumed to be free -thus the function has a nonzero derivative along group orbits. Consequently, we obtain that u = 0, hence the kernel of dC x is trivial. This completes the proof of the lemma.
The above lemma allows us to think of the map C as a change of coordinates on M: The new coordinates split into a two-dimensional part which is the coordinate y on the reduced phase space, and a one-dimensional part which is the global coordinate s on the Lie group G: The following theorem shows that in these coordinates, the ow generated by the perturbed vector eld v p takes a particularly simple form which is suitable for the application of perturbation methods. But equivariance with respect to this action means that right-hand-side of equation (26) cannot depend on s explicitly for = 0.
The above theorem provides a global coordinate representation for the perturbed ow on the space M=G G; as long as we have a global coordinate system de ned on the reduced phase space M=G: For = 0; equation (25) is volume preserving, as its ow preserves the volume~ = C . In this limit, the y equations decouple and yield the reduced system on M=G: Taking the Cartesian product of reduced orbits with the Lie group G; we obtain di eomorphic copies nonsingular level surfaces of the invariant B: These surfaces form invariant manifolds for the unperturbed problem, and one is usually interested in their fate under perturbation. If the reduced orbit in question is closed, then the corresponding level surface of B is either a cylinder or a two-torus, depending on the nature of the group G: In both cases, these level surfaces typically occur in families. In the case of two-tori, one can expect the majority of the tori to survive if the unperturbed system satis es certain nondegeneracy conditions and the perturbed vector eld v + v 1 preserves the volume~ even for > 0: Details of the related KAM-type results can be found in Cheng and Sun 5], Herman 6] , and Xia 14] . If the reduced orbit in question is a homoclinic orbit, then the corresponding level set of B is a two-dimensional homoclinic manifold asymptotic to an orbit of v which is di eomorphic to the symmetry group G: The question is then the survival of homoclinic orbits to an orbit near : This problem can be studied using the appropriate version of Melnikov's method, which can be found, e.g., in Wiggins 13] . The application of these two perturbation methods to three-dimensional vector elds (with one equation decoupling in the unperturbed limit) is surveyed in Mezi c and Wiggins 10] . Theorem 5.2 above gives conditions under which such a coordinate representation is globally attainable, and also provides an explicit, geometric construction for the coordinates.
The coordinates developed in this section can also be used to endow the manifold M with a contact structure (see, e.g., Arnold 4] 
as we showed in the proof of Lemma 5.1. Thus(28) implies that span fw(x)g 6 R~ , hence d~ is nondegenerate on R~ .
Applications
In this section we discuss several problems in which volume preserving reduction can be used. Many of the results listed below have been known, but were obtained through di erent procedures or in ad-hoc ways. Here we present a uni ed construction of invariants for all these problems and describe the structure of the reduced equations.
Three-dimensional, steady Euler ows
The velocity eld of a three-dimensional, inviscid uid satis es the equation @v @t + (v r) v = ? 1 (r + rp);
where is the density, p is the pressure, and is the potential energy. Taking The reduced symplectic form ! on M=G then takes the form ! = f( )d 1^d 2 : Since ! is nondegenerate, f( ) is nonzero on M=G; hence after rescaling time by t ! f( )t; the reduced system can be written as a canonical Hamiltonian system. This canonical system is generated through the symplectic form d 1^d 2 by the Hamiltonian H de ned in (19). Concretely, we obtain the reduced system
where D denotes di erentiation with respect to ; and
Note that this reduction is only meaningful if the vorticity eld is not everywhere parallel to the velocity eld. Otherwise, as we discussed at the end of section 3, we obtain dB = 0, hence the reduced ow is just a set of equilibria. In that case the reduction is equivalent to arranging the orbits of the velocity eld into an orbit space on which all particle motions appear as relative equilibria. Classic examples of this degenerate case are the ABC-ows rst studied by H enon 7]. These ows violate Arnold's integrability condition (see Arnold 4] ) for three-dimensional, steady Euler ows, which requires v and w not to be collinear everywhere. The numerical experiments of H enon seem to produce trajectories that densely ll up three-dimensional regions in the phase space. As a result, the vorticity ow (32) cannot be regular on invariant open sets, because the orbit space cannot be a two-dimensional manifold. These numerical results suggests that the vorticity ow does not generate a proper group action in ABC ows.
The global coordinates on the reduced phase space are in fact the Clebsch coordinates of classical uid dynamics. This is discussed in more detail in Mezic and Wiggins 10].
Two-dimensional, unsteady Euler ows
If the velocity eld v appearing in the Euler equation (29) which is generated by w: We pick an open domain M R 3 which is invariant under the ow of this equation and is lled entirely with either non-closed orbits or nontrivial closed orbits of (38). (The non-periodic orbits cannot be dense by dt=ds = 0; hence the properness of the group action cannot fail, only the freeness.) As a result, the ow of (38) de nes a regular action of the group G = R 1 or G = S 1 on the domain M: By (36), this action is volume preserving, and by (37), it commutes with the ow generated by v in the extended phase space. In that case, Theorem 3.1 just repeats the fact that is a rst integral, as formula (8) 
We can rewrite the second equation (40) as @B
It is customary to introduce the vector potential A through the formula B = r A: As argued in, e.g., Kuzmin 8] , A can be selected in a way so that its evolution satis es the 
An example
In this section we show how our results can be applied to Hill's spherical vortex problem amended with a line vortex at the z axis. This problem was already studied in Mezi c and Wiggins 10] , where the reduction of the ow was accomplished via a local, coordinate-dependent theory. Here we reconsider the same example and give an intrinsic, geometric meaning to the reduction. Furthermore, Theorem 3.1 enables us to construct a rst integral for the ow before performing the reduction.
Consider the three-dimensional ow generated by the vector eld 
This action is proper but not free, because it leaves any point of the z-axis xed for any s 2 S 1 : As a result, the reduced phase space M=G may not be a manifold. Indeed, M=G can be identi ed with the closed half plane of R 2 ; which is a manifold with boundary: M=G = (r; ) 2 R 2 j r 0 :
The associated quotient projection is given by : M ! M=G; (x; y; z) 7 ! ( p x 2 + y 2 ; z): As easily seen, this map is not di erentiable on the z-axis, a fact which is again related to the degeneracy of the group action. Note, however, that if we exclude the z-axis from M; then M=G becomes a manifold (the open half plane of R 2 ) and becomes a smooth map onto M=G: Nonetheless, we choose M to be the whole of R 3 ; because the reduced ow will turn out to be non-singular on the boundary of M=G (although the reduced symplectic form does become degenerate on @ (M=G) :) >From (47) we obtain that the in nitesimal generator of the group action is given by the vector eld w = 
_ = ? 1 r @H @r = 2r 2 + 2 ? 1: As we noted earlier, although the symplectic structure becomes degenerate at the r = 0 boundary of the reduced phase space, the reduced ow extends smoothly to r = 0: The phase portrait of the reduced system is shown in Fig. 2 . Note that, as we noted in the Introduction, the dynamics on the level surfaces of B is does not preserve any volume. This is quite transparent on the \bubble" that corresponds to the rotation of the heteroclinic orbit of (48) around the z axis. Any open set on this surface shrinks asymptotically to the lower xed point on the z axis. The closed orbits give rise to invariant two-tori for the full ow. The ow on them is not volume preserving either, since it is not Hamiltonian (If there were a smooth Hamiltonian de ned on one of these tori, the ow on the torus would have at least two xed points.)
To obtain a representation of the full, three-dimensional ow in a form suitable for perturbation theory, we can use Theorem 5.2. Since any open half plane fx = ay; x > 0g is globally transverse to the vector eld v; we can pick the transverse surface S = M=G ? @M=G; in which case the map P is just the identity map. The map : M ! G can be de ned locally as 
